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Abstract 

This paper completes the study started in |T]. Scheme-theoretic methods are used to classify line- 
bundle-valued rank 3 quadratic bundles. The classification is done in terms of schematic specialisations 
of rank 4 Azumaya algebra bundles in the sense of Part A, 0. For a quadratic form q on a rank 3 
vector bundle V with values in a line bundle / over a scheme X, the degree zero subalgebra Co(V,q, I) 
of the generalised Clifford algebra C(V,q, I) of the triple (V, q, I) in the sense of Bichsel-Knus [3], is 
seen to be such a specialised algebra by results in Part A, PJ. The Witt-invariant of (V, q, I), which 
may be defined as the the isomorphism class (as algebra bundle) of Co(V,q, I), is shown to determine 
(V, q, I) upto tensoring by a twisted discriminant line bundle. Further, each specialised algebra arises 
in this way upto isomorphism, so that the association (V,q,I) ► Co(V, q, I) induces a natural bijection 
from the set of equivalence classes of line-bundle-valued quadratic forms on rank 3 vector bundles upto 
tensoring by a twisted discriminant bundle and the set of isomorphism classes of schematic specialisations 
of rank 4 Azumaya bundles over X. This statement may be viewed as a limiting version of the natural 
bijection involving cohomology given by H fppf (X, 03)/H fppf (X, 112) — H dtak , (X, PGL2). The special, usual 
and the general orthogonal groups of (V, q, I) are computed and canonically determined in terms of 
Aut(Co(V, q, I)), and it is shown that the general orthogonal group is always a semidirect product. Any 
element of Aut(Co(V, q, I)) can be lifted to a self-similarity, and in fact to an element of the orthogonal 
group provided the determinant of the automorphism is a square. The special orthogonal group and 
the group of determinant 1 automorphisms of Co (V, q, I) are naturally isomorphic. A specialised algebra 
bundle A arises as Cq(V, q, I) with / = Ox iff det(j4.) G 2.Pic(X); and arises with q induced from a 
global bilinear form iff the line subbundle generated by 1a is a direct summand of A. The use of the nice 
technical notion of semiregularity introduced by Kneser in .4 allows working with an arbitrary X, some 
(or even all) of whose points may have residue fields of characteristic two. 

Keywords: semiregular form, quadratic bundle, Azumaya bundle, Witt-invariant, line-bundle-valued 
form, Clifford algebra, discriminant bundle, orthogonal group, similarity, similitude. 
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1 Overview of the Main Results 

THEOREM 1.1 Over each scheme X the natural map (V,q,I) t— ► Co(V,q,I) that associates to a 
quadratic bundle the degree zero subalgehra of its generalised Clifford algebra, induces a bisection from the 
set of orbits 

isomorphism classes (V, q, I), with ^ ( isomorphism classes (L,h, J), 

rankx(V) — 3, rankx(I) = 1 and , , ,, with rankx(L) = rankx(J) = 1 

\ . r ,, , „ T . > modulo the qroup < , , r r ^ , , 

g a quadratic form on the bundle V I an< * n : L ® L = J a linear 

with values in the line bundle 7 J y isomorphism; product induced by £ 

to the set of algebra-bundle-isomorphism classes of associative unital algebra structures A, on vector 
bundles of rank 4, that are Zariski-locally isomorphic to even Clifford algebras of rank 3 quadratic bundles. 
This bijection maps the subset 

isomorphism classes (V.q.I), with | . , { isomorphism classes (L,h,J), 

, > modulo the qroup < . 

q semiregular J I as a bove 

surjectively onto the subset of isomorphism classes of rank 4 Azumaya algebra bundles on X. 

It was shown in Part A, [5] that algebra bundles such as A in the statement above are precisely the 
scheme-theoretic specialisations (or limits) of rank 4 Azumaya algebra bundles on X. The main result 
there was the smoothness of the schematic closure of Azumaya algebra structures on a fixed vector bundle 
of rank 4 over any scheme. Part B of [5] had applied this result to obtain desingularisations (with good 
specialisation properties) of certain moduli spaces over fairly general base schemes, and applications to the 
study of degenerations of quadratic forms on rank 3 vector bundles was initiated in [T]. Though only 
treats forms with values in the structure sheaf, in the following we consider line-bundle- valued quadratic 
forms. Such a viewpoint is affordable thanks to the construction of Bichsel-Knus |3] of the generalised 
Clifford algebra C(V, q, I). This is an Z-graded algebra and we let Co{V, q, I) denote its degree zero 
subalgebra. The other difference with is to consider Cq(V, q, I) instead of the usual even Clifford 
algebra of a quadratic form with values in the structure sheaf. We shall see later ((bl), Theorem 11.61 
that it is necessary to consider line-bundle- valued quadratic forms to obtain the surjectivity of Theorem 
ll.ll in those cases for which det(j4) ^ 2.Pic(A). 

Remark 1.2 Assume for simplicity that X is an affine scheme. Following Sec. 3, Chap.V, of the book 
of Knus pj, it can be seen that the association of a semiregular quadratic bundle to its even Clifford 
algebra induces a bijection from the set of orbits 

(isomorphism classes (V, q,Ox), 1 f isomorphism classes (L,h), with ^ 

with rankx(V) = 3, and > modulo the group < rankx(L) — 1 and h : L (g> L = Ox > 
q semiregular J [ Ox-linear; product under ® J 

with the set of isomorphism classes of rank 4 Azumaya bundles on X. The group above is also called 
the group of discriminant bundles on X and is denoted by Disc(X). By Prop.3.2.2, Sec.3, Chap.III, 0, 
it is naturally isomorphic to the cohomology (abelian group) H fppf (X, /X2). We may thus call the triples 
(L, h, J) occurring in the statement of Theorem 1 1.1 1 as twisted discriminant bundles. Further, by Lemma 
3.2.1, Sec.3, Chap. IV, the cohomology H fppf (X, O3) classifies the set of isomorphism classes of semireg- 
ular rank 3 quadratic bundles with values in the trivial line bundle. On the other hand, the set of isomor- 
phism classes of rank 4 Azumaya algebras on X may be interpreted as the cohomology ITt^,. (X, PGL2) (see 
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page 145, Sec.5, Chap.III, 0). Thus we have the bijection Hf ppf (X, 3 )/H* ppf (X, fi 2 ) ^ H^psT, PGL 2 ) 
and Theorem ll.ll mav be considered as the limiting version of this bijection. 

The following results lead to a proof of Theorem 11.11 Their proofs in turn follow from techniques of 
PQ adapted to include the case of line-bundle- valued forms. The proof of the injectivity essentially follows 
from the next couple of theorems, which describe the general, usual and special orthogonal groups of 
(V,q,I) in terms of the (algebra) automorphism group of Co(V, q, I). 

A bilinear form b, with values in a line bundle /, defined on a vector bundle V over the scheme 
X induces an /-valued quadratic form qb given on sections by I m b(x,x). Further, b also naturally 
defines an Z-graded linear isomorphism tpb '■ C(V,qb,I) — A(V) ® L[I] (see (2d), Theorem 12, H . Here 
L[I] := Ox (© n>0 (r"(I) ffiT"(/- 1 ))) is the Laurent-Rees algebra of J, where elements of V (resp. 

of /) are declared to be of degree one (resp. of degree two). In fact, C(V, 0, 1) = A(V) ® L[I]. Since in 
general a quadratic bundle (V, q, I) on a non-afnne scheme X may not be induced from a global /-valued 
bilinear form, one is unable to identify the Z-graded vector bundle underlying its generalised Clifford 
algebra bundle with A(V) ® L[I]. The following result overcomes this problem. 

PROPOSITION 1.3 Every isomorphism of algebra-bundles <j> : C (V,q,I) = C (V',q',l') is naturally 
associated to an isomorphism of bundles A 2 : A 2 (V) ® J -1 = A 2 (V') ® (/') 1 which induces a map 

C A2 :lso[C (V,q y I),C (V',q',l')] — ► Iso[A 2 (V) 8 I~\ A 2 (V") ® (J 7 ) -1 ] : 4> >-> <f>K* 

where Iso[Cb(V, q, I), C'o(V, q' , I')] is the set of algebra bundle isomorphisms. When V = V' and I — I' , 
we may thus denote the subset of those <f> for which det(0 A 2) £ Aut[det(A 2 (l/) ® I" 1 )] = T(X,O x ) 
is a square by lso'[Co(V, q, I), Co{V, q' , I)] and those for which det(0 A 2) = 1 by the smaller subset 
STso[Co(V, q, I), Cq(V, q' , I)]. Taking q = q' in these sets and replacing " Jso" by "Aut" in their no- 
tations respectively defines the groups Aut(Co(V, q, I)) D Aut'(Co(V, q,I)) D S-Aut(Co(V r , q, I)). 

Denote by Sim[(V, q, I), (V' , q' , I')] the set of isomorphisms from (V, q, I) to (V',q',I'). These are 
generalised similarities i.e., pairs (g,m) such that g : V = V' and m : I = I' are linear isomorphisms and 
the following diagram commutes (where q and q' are considered as morphisms of sheaves of sets): 

V -^-^ V 



I — — 4 I' 

m 

When / = since an m 6 Aut(J) may be thought of as multiplication by a scalar I € Y{X,0* x ) = 
Aut (J), we may call the isomorphism (g, m) as an /-similarity with multiplier I. In such a case we may as 
well denote (g, m) by the pair (g, I) and we often write g : (V, q, I) =i (V' , q , I). Let Iso[(V, q, I), (V , q',I)] 
be the subset of isometries (i.e., those pairs (g, m) with m — Identity or /-similarities with trivial multipli- 
ers). When V = V' , the subset of isometries with trivial determinant is denoted S-Iso[(V, q, I), (V, q , I)]. 
On taking q = q' these sets naturally become subgroups of Aut(V) x T(X, O x ) = GL(V) x Y{X,O x ) 
and we define 

Sim[(V, q, I), (V, q, I)] =: GO(V, q, I) D Iso[(V, q, I), (V, q, I)] =: 0(V, q, I) 

D S-Iso[(V, q, I), (V, q, I)] =: SO(V, <?, /). 

Of course, 0(V,q, I) and SO(V,q, I) may be thought of as subgroups of GL(V) = GL(V) x {1}. 

THEOREM 1.4 For I -valued quadratic forms q and q' on a rank 3 vector bundle V over a scheme X, 
we have the following commuting diagram of natural maps of sets with the downward arrows being the 
canonical inclusions, the horizontal arrows being surjective and the top horizontal arrow being bijective: 

S-Iso[(V,q,I),(V,q',I)] S-lso[C (V,q,I),C (V,q',I)] 



lso[(V,q,I),(V,q',I)} lso'[C (V,q,I),C (V,q',I)} 



mj | | mj 

Sim[(V,q,I),(V,q',I)] Iso[C (V,q,I),C (V,q',I)] 
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With respect to the surjections of the horizontal arrows in the diagram above, we further have the following 
(where I is the function that associates a similarity to its multiplier, det(<?, I) := det(g) for an I -similarity 
g with multiplier I and £ A 2 is the map of Prov \1.3\ above): 

(a) there is a family of sections S2k+i : Iso[Co(V, q, I), Co(V, q , I)] — ► Sim[(V, q, I), (V, q' , I)] indexed by 

the integers such that los2k+i = det 2fc+1 o£ A 2 and such that (det 2 os 2 fe+i) X (l~ 3 °S2fc+i) = det o£ A2 ; 

(b) there is also a section s' : Iso'[Co(V, g, /), Co(V, q',I)] — ► Iso[(V, q, I), (V, q' , I)] such that det 2 o s' — 
det o ( A 2 ; 

(c) there is a family of sections sjfc+i : Iso[Co(V, q, I),Co(V, q' , I)] — > Sim[(V, q, I), (V, q', I)] indexed by 

the integers which is multiplicative when followed by the natural inclusions into GL(V) x T(X, O x ), 
i.e., if 4>i G Iso[C (V,qi,I),Co(V,q i+ i,I)} then s+ +1 (^> 2 ° 4>i) = s tk+i(^) ° s+ k+1 ((j>i) £ GL(V) x 
T(X, O x ). Further, I o s+. +1 = det 2fc+1 o £ A2 and (det 2 o s+. +1 ) x (l~ 3 o s+. +1 ) = det o f A a. 

(d) The maps S2k+\ and s' above may not be multiplicative but are mutliplicative upto fi2(F{X, Ox)) i.e., 
these maps followed by the canonical quotient map, on taking the quotient of GL(V) X T(X, O x ) by 
^2(r(X, Ox))-Idv x {1}, become multiplicative. 

THEOREM 1.5 For a rank 3 quadratic bundle (V,q,I) on a scheme X, one has the following natural 
commutative diagram of groups with exact rows, where the downward arrows are the canonical inclusions 
and where I is the function that associates to any I -(self ) similarity its multiplier: 



H2(T(X,Q X )) 
inj 



SO(V, g ,I). 
inj 

^0(V,q,l) 

inj 

— CO:*-': 

dct 2 xi- 3 

T(X, O'x 



■S-Aut(C (V, q,l)) 
inj 

■Aut'(C (Kg,/))- 
inj 

-Aut(C (V, <?,/)) - 
det 



■■ r(x, Ox 



Further, we have: 



(a) 



There are splitting homomorphisms s 

-3 



2k + l 



Aut(C (V,q,I)) — > GO(V,q,I) such that I o 



det 2 +1 and (det 2 os 2 f fe+1 ) x C~ 3 °S2fc+i) = det. The restriction of s^ k+1 to Ant' (Co (V,q, I)) does not 
necessarily take values in 0( V, q, I), but the further restriction to S-Aut(Co(l / , q, I)) does take values 
in SO(V, q, I). In particular, GO(V, q, I) is a semidirect product. The maps S2k+i and s' of Theorem 
\l-4\ above (under the current hypotheses) may not be homomorphisms but are homomorphisms upto 

(b) Suppose X is integral and q<g>n(x) is semiregular at some point x of X with residue field k(x). Then 
any automorphism of C'o{V,q, I) has determinant 1. Hence Aut(Co(V, q, I)) = Aut' (Co(V, q, I)) — 
S-Aut(Co(V, q, I)) and 0(V, q, I) is the semidirect product of /j.2(T(X,Ox)) and SO(V, q, I). 

The proofs of the above results, and of the injectivity part of Theorem 11.11 will be given in &\ As for 
the proof of the surjectivity part of Theorem ll.il we have 

THEOREM 1.6 Let X be a scheme and A a specialisation of rank 4 Azumaya algebra bundles on X. Let 
Ox-Ia A be the line sub-bundle generated by the nowhere-vanishing global section of A corresponding 
to the unit for algebra multiplication. 

(a) There exist a rank 3 vector bundle V on X, a quadratic form q on V with values in the line bundle 
I := det~ 1 ( J 4), and an isomorphism of algebra bundles A = Co(V,q, I). This gives the surjectivity 
in the statement of Theorem M. 1\ Further, the following linear isomorphisms may be deduced: 

(1) det (A) ® A 2 (V) S A/Ox-Ia, from which follow: 

(2) Aet(A 2 (V)) S (det(A))®- 2 ; 

(3) V (A/O x .1a) v ® det(V) ® det (A); 



4 



(4) det(>l v ) (det(A))® -3 <g> (det(V))®" 2 ui/iic/i impHes too* det(A) ® det(A v ) G 2.Pic(X). 
(b) There exists a quadratic bundle (V ,q',I ) smc/i t/iai Co(V' , q' , I') — A and with 

(1) J' = Ox iff det(A) G 2.Pic(A); 

(2) «nf/i g' induced from a global I' -valued bilinear form iff Ox -1 a is an Ox -direct summand of A; 

(3) 6oi/i J = Ox and g' induced from a global bilinear form (with values in I') iff Ox. 1a 
is an Ox-direct summand of A and det(A) G 2.Pic(X). 

The next theorem is a key ingredient in the proof of part (a) above. It describes specialisations 
as bilinear forms under certain conditions. As a preparation towards its statement, we recall a few 
definitions and results from Part A, For a rank n 2 vector bundle W on a scheme A and w G T(X, W) 
a nowhere-vanishing global section, recall that if Id-w-Azuw is the open A-subscheme of Azumaya 
algebra structures on W with identity w then its schematic image (or the scheme of specialisations or the 
limiting scheme) in the bigger A-scheme Id-io-Assocw of associative wj-unital algebra structures on W 
is the A-scheme Id-u>-Sp-Azu w . By definition, the set of distinct specialised tu-unital algebra structures 
on W corresponds precisely to the set of global sections of this last scheme over X. If Stab™ C GLw is 
the stabiliser subgroupscheme of w, recall from Theorems 3.4 and 3.8, Part A, that there exists a 
canonical action of Stab^, on Id-iu-Sp-Azu w such that the natural inclusions 

(Jk) ld-w-Azuw Id-w-Sp-Azu^, Id-w- Assoc- Alg^ 

are all Stab m -equivariant. Now let V be a rank 3 vector bundle on the scheme X and Bil(v,i) be the asso- 
ciated rank 9 vector bundle of bilinear forms on V with values in the line bundle I. Let Bilfy;/) Bil(y,l) 
correspond to the open subscheme of semiregular bilinear forms. We say that a bilinear form 6 is semireg- 
ular if there is a trivialisation {Ui} of I, such that over each open subscheme Ui, the quadratic form qi 
with values in the trivial line bundle induced from qt\Ui is semiregular (it may turn out that a semiregular 
bilinear form may be degenerate). This definition is independent of the choice of a trivialisation, since qi is 
semiregular iff A* is semiregular for every A G T(Ui,O x ). Let W := A even (V,I) := n>o A 2n (V) <g> 7~®" 
and let w G L(A, W) be the nowhere-vanishing global section corresponding to the unit for the natural 
multiplication in the twisted even-exterior algebra bundle W. There is an obvious natural action of GLv 
on Bil(vj). There is also a natural morphism of groupschemes GLv — > Stab™ given on valued points by 
g t— > © n>0 A 2n (g) <g> Id and therefore the natural inclusions marked by (X) above are GLy-equivariant. 
Finally, note that there is an obvious involution E on Id-w-Assoc-Alg^ given byin opposite(y4) which 
leaves the open subscheme H-w-Azuvk invariant. 

THEOREM 1.7 

(1) Let V be a rank 3 vector bundle on the scheme X, W := A evm (V, I) and w G T(X,W) correspond 

to 1 in the twisted even-exterior algebra bundle. There is a natural GLv -equivariant morphism of 
X-schemes T' = T' x : Bih^n — ► Id-w-Assocty whose schematic image is precisely the scheme 
of specialisations Id-iu-Sp-Azu^. Further if T' factors canonically through T = Tx : BiWn — ► 
Id-w-Sp-Azu w , then T is a GLv -equivariant isomorphism and it maps the GLv -stable open sub- 
scheme Bilfyj) isomorphically onto the GLv -stable open subscheme Id-w-Azuw- 

(2) The involution S of Id- w- Assoc- A\g w defines a unique involution (also denoted by~S) on the scheme 

of specialisations Id-iu-Sp-Azu^, leaving the open subscheme Id-w-Azuw invariant, and therefore 
via the isomorphism T, it defines an involution on Bil(v,/)- This involution is none other than the 
one on valued points given by B i— > transpose(— B). 

(3) For an X -scheme T, let Vt (resp.Wr, resp.Ir) denote the pullback of V (resp.W , resp.I) to T, 

and let wt be the global section of Wt induced by w. Then the base-changes of T' x and Tx to 
T, namely T' x x x T : Bil ( v/) x x T — > Id-w-Assocw x x T and T x x x T : Bil ( v,i) x x T = 
Id-w-Sp-Azu^ XxT may be canonically identified with the corresponding ones over T namely 
T' T : Bil(v T ,/ T ) — > Id-WT-AssocwT and Tt : Bil(v T ,/ T ) = Id-WT-Sp-Azu^ . 

The proofs of Theorems ll.fcil and ll.7l will be given in Some notations and preliminaries are explained 
in 
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2 Notations and Preliminaries 



This section collects together some definitions and results. It is essentially Section 2 of redone for 
forms with values in line bundles. We omit the proofs which follow by localisation and the corresponding 
results of Sec. 2, pQ. For the systematic treatment of the generalised Clifford algebra and its properties, 
we refer the reader to the paper of Bichsel-Knus 

Quadratic and Bilinear Forms with Values in a Line Bundle. Let V be a vector bundle 
(of constant positive rank) and / a line bundle on a scheme X. A bilinear form (resp. alternating form, 
resp. quadratic form) with values in / on V over an open set U X is by definition a section over 
U of the vector bundle Bil(^/) (resp. of Alt( V/ j, resp. of Quadj V/ j), or equivalently, an element of 
r (f/,Bil (v ,x) := (Tg x (V)) v ®Z) (resp. of T (U, Alt^ VjI) := (A 2 0x (V)') v ® 1) , resp. of T(U, Quad (VjT) ) ), 
where the sheaf Quad^ v T j — the (coherent locally- free) sheaf of Ox-modules corresponding to the bundle 
Quad( VJ j of /-valued quadratic forms on V — is defined by the exactness of the following sequence: 

— > Alt( Vl z) — > Bil(v,x) — > Quad (v :r) — > 0. 

In terms of the corresponding (geometric) vector bundles over X, the above translates into the following 
sequence of morphisms of vector bundles, with the first one a closed immersion and the second one a 
Zariski locally-trivial principal Alt^ v jj-bundle: 

A lt(y,j) ^ Bil (v,/) -» Q uaa V,i)- 

Given a quadratic form q G r({7, Quad? v recall that the usual 'associated' symmetric bilinear form 
b q G r(U, Bil( V ,i)) is given on sections (over open subsets of U) by v ® v' i— > g(« + «') — g(v) — 
Given a (not-necessarily symmetric!) bilinear form b, we also have the induced quadratic form qb given 
on sections by v i— > 6(u <g> w). A global quadratic form may not be induced from a global bilinear form, 
unless we assume something more, for e.g., that the scheme is affine, or more generally that the sheaf 
cohomology group H 1 (A r , Alt( V -n) — 0. 

The Generalised Clifford Algebra of Bichsel-Knus. LetR be a commutative ring (with 1), 
I an invertible i?-module and V a projective ^-module. Let L[I\ := R @ (0 n>o (T"(I) ® T n (J" 1 ))) be 
the Laurent-Rees algebra of I, and define the Z-gradation on the tensor product of algebras TV ® L[I] 
by requiring elements of V (resp. of 7) to be of degree one (resp. of degree two). Let q : V — > / be an I- 
valued quadratic form on V. Following the definition of Bichsel-Knus [3], let J(q, I) be the two-sided ideal 
of TV ®L[I] generated by the set {(x ®tv x) ® l^m — lrv ® q(x) \ x G V} and let the generalised Clifford 
algebra of q be defined by C(V,q,I) := TV ® L[I]/ J(q, I). This is an Z-graded algebra by definition. Let 
C„ be the submodule of elements of degree n. Then Co is a subalgebra, playing the role of the even Clifford 
algebra in the classical situation (i.e., I — R) and C\ is a Co-bimodule. Bichsel and Knus baptize Co 
and Ci respectively as the even Clifford algebra and the Clifford module associated to the triple (V, q, I). 
The generalised Clifford algebra satisfies an appropriate universal property which ensures it behaves 
well functorially. Since V is projective, the canonical maps V — > C(V, q,I) and L[I] — > C'(V, q,I) are 
injective. For proofs of these facts, see Sec. 3 of 0. If (V, q, I) is an /-valued quadratic form on the vector 
bundle V over a scheme X, with I a line bundle, then the above construction may be carried out to 
define the generalised Clifford algebra bundle C(V, q,I) which is an Z-graded algebra bundle on X. 

Bourbaki's Tensor Operations with Values in a Line Bundle. Let R be a commutative 
ring and L[I] := R ffi (0 n>o (T n (-O ffi r n (/ -1 ))) as above. We denote by ®t (resp. by ®z,) the tensor 
product and by It (resp. 1l) the unit element in the algebra TV (resp. in L[I\). 

THEOREM 2.1 (with the above notations) 

(1) Let q : V — ► / be an I -valued quadratic form on V and f G Homn(V, I). Then there exists an 
R-linear endomorphism tf of the algebra TV ® L[I] which is unique with respect to the first three 
of the following properties it satisfies: 

(a) tf (It ® A) =0VA G L[I\; 

(b) t f ({x® T y) ® A) = y®{f{x) ® L A) - (x® T l T )t f (y<g>\) for any x G V , y G TV, and A G L[I}; 
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(c) following the definition of Bichsel-Knus ' l 3L let J(q,I) be the two-sided ideal of TV <g) L[I] 
generated by the set {(x ®t x) ® 1l — It ® q(x) \ x £ V}; then tf(J(q, I)) C J(q, I); 

(d) tf is homogeneous of degree +1 (except for elements which it does not annihilate); 

(e) recall from the definition of Bichsel-Knus that the generalised Clifford algebra of q is 
C(V,q,I) := TV <S> L[I}/ J(q, I) ; by (c) above, tf induces a Z-graded endomorphism of degree 
+ 1 denoted by d) : C(V,q,I) > C(V,q,I); 

(f ) t f otf = 0; 

(g) if 9 £ Hom R (V, I) , then tf ot g + t g otf = 0; 

(h) if a £ Endii(V), then tf o (T(a) ®ld L [i\) = {T(a) ®Id L[I] ) ot a *f where a* f £ Homji(V, 7) is 
defined by x i— > f(a(x)); 

(i) t/ = on £/ie R-subalgebra of TV Cg> L[7] generated by kernel(/) <8> L[7]. 7n /act, atleast when V 

is a projective R-module, the smallest R-subalgebra of TV ® L[I] containing kernel(/) g) R.Il 
is Image(T(kernel(/)) ® Ti.l^ and tf vanishes on this R-subalgebra. 

(2) Let q,q' : V — > I be two I -valued quadratic forms whose difference is the quadratic form q b induced 

by an I-valued bilinear form b £ ~Qi\r(V, 7) := Hoiilr(V ®r V,I) i.e., q'(x) — q(x) = q b (x) := 
b(x, x) \lx £ V. Further, for any x £ V denote by b x the element of Homn(V, I) given by y i— > b(x, y). 
Then there exists an R-linear automorphism of TV (g> L[I] which is unique with respect to the 
first three of the following properties it satisfies: 

(a) * 6 (1 T ® A) = (1 T ® A)VA £ L[I]; 

(b) fi((i« T j) g> A) = (x® lt).*i,(y(g) A) +tb x (Vb(y<8) A)) /or any I £ V, j/ 6 TV and A £ L[I]; 

(c) * 6 (J(g',7)) C J(g,7); 

(d) by the previous property, induces an isomorphism of Z-graded R-modules 

lP b :C(V,q',I)^C(V,q,I); 

in particular, given a quadratic form qi : V — > I , since there always exists an I-valued bilinear 
form 6i that induces qi (i.e., such that gi = qbi), setting q' — q\, q = and h = b\ in the above 
gives an Z-graded linear isomorphism ipbi : C(V,qi, I) —C(V,0,I) = A(V) ® L[I]; 

(e) <f b (T 2n V ® L[I\) C e (l <„)(T 2l 1/ ® L[/]) ; * b (T 2 " +1 V L[I\) C {odd i< 2 „ +1) (ry ® L[I\), 
<f b (T 2n V®r n ) C © (l <„)(T 2l l/®/- 1 ) ond* 6 (T 2 "+V®/-") C e ( odd l <2n + i)(T l V®I i i :i ); 

(f) in particular, for x,x' £ V, ^ b ((x ®t x ) ® 1l) = (& <8t k') ® 1l + It ® o(a;,x') so t/iat /or 
^i, : C (V, q b , I) C (F, 0, /) = 0„>o(A 2n (\/)®/- n ) ™e /wrae ^ 6 (((x(g!Ta;')®C) morf J( gi)) /)) = 

any x, a; ' £ V and £ £ J -1 = Hom B (7, 7?); 

(g) *// £ Homii(V, J), and i/ is given by (1) above, then ^ b otf = tf o ; 

(h) /or I-valued bilinear forms b, on V, \E , 6 1 +b 2 = iPf^ o ^ b2 and $o = Identity on TV ® 7,[7]; 

(i) /or any a € Endii(V), * 6 o (T(a) <8 Id i[7] ) = (T(a) ® Id i[7] ) o 1r (6 . a) w/iere (6.a)(x,a;') := 

6(a(x),a(2;'))Vx,a;' £ V; 

(j) by property (h), one has a homomorphism of groups (Biljj(V, 7), +) — > (Aut r(TV ® L[I]),o) : 
b >-> ty b ; the associative unital monoid (Endji(V), o) acts on Bilij(V, 7) on the right by b' ~-> fe'.a 
and acts on the left (resp. on the right) o/Endn(TV®L[7]) by a.$ := (T(a)®Idi y [j])o$ (resp. by 
$.a := $0 (T(a) Stld^rn), and t/ie homomorphism b vj/ b satisfies a. = ^I/i,.a; tfte group 
Autif (V) = GLh(V) acts on £/ie ie/t 0/ Bil fl (V, 7) by g.b : (x,x') ^ b(g' 1 (x), g^ 1 (x')) and on 
the left of Autij(TV <g> L[I]) by conjugation via the natural group homomorphism GLr(V) — > 
Autn(TV ® L[I]) : g ^ T(g) ® Id L[I] i.e., g.$> := (T(g) ® Id im ) o $ o (T(g~ 1 ) ® Id L[/] ), and 
t/ie homomorphism b t— > ^5 is GLn(V)-equivariant: ^ g . b = g.^h- 

(3) T^or a commutative R-algebra S (with 1), let (q <S>r S),(q' <&r S) : (V <S>r S =: Vg) — > (7 <Sir 

S =: Is) be the Is-valued quadratic forms induced from the quadratic forms q,q' of (2) above and 
{b®RS) £ Bils(Vs, 7s) the Is-valued S -bilinear form induced from the bilinear form b of (2) above. 
Then as a result of the uniqueness properties (2a)-(2c) satisfied by ^f, and ty(b® R s)i the S-lmear 
automorphisms (*!/(, ®r S) and ty( b ® R s) may be canonically identified. In particular, the Z-graded 
S-linear isomorphism (ip b (£>r S) : C(Vs, (?' ®fl S),Is) = C(Vs, (q ®r S),Is) induced from ip b of 
(2d) above may be canonically identified with ip(b®nS)' 
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Remark 2.2 As mentioned in pi], F. van Oystaeyen has observed that L[I] is a faithfully-flat splitting 
for /, and the generalised Clifford algebra C( V, q, I) is nothing but the "classical" Clifford algebra of the 
triple {V ®rL[I], q®R L[L], I ®rL[I] = L[I]) over L[I]. In the same vein, /-valued forms (both multilinear 
and quadratic) on an i?-module V can be treated as the usual (L[/]-valued) forms on V ®r L[I]. With 
this in mind, the proof of the above proposition follows from the usual Bourbaki tensor operations with 
respect to V ®r L[I] on L[I]. (See §9, Chap. 9, |S] or para.1.7, Chap.IV, 5 , or Theorem 2.1 1. for the 
"classical" Bourbaki operations). However one needs to remember that the Z-gradation on TV ®r L[I] 
as defined above is different from the usual Z>o-gradation on T(V ®r L[I]). 

Tensoring by Symmetric Bilinear Bundles and Twisted Discriminant Bundles. Let 

V, M be vector bundles on a scheme A and let 7, J be line bundles on X. Let q be a quadratic form on 
V with values in / and let b be a symmetric bilinear form on M with values in J. 

PROPOSITION 2.3 (with the above notations) 

(1) The tensor product of (V, q, I) with (M, b, J) gives a unique quadratic bundle (V ® M, q®b,I ® J). 

The quadratic form onV Cg> M is given on sections by v ® m i— ► q(v) Cg> b(m ® m) and has associated 
bilinear form b q ®b — b q ®b. 

(2) When M is a line bundle, (M,b,J) is regular (—nonsingular) iff (M,qt,J) is semiregular iff b : 
M ® M == J is an isomorphism (i.e., in other words iff (M, b, J) is a twisted discriminant bundle). 

(3) Let V be of odd rank and (M, b, J) a twisted discriminant bundle. Then (V, q, I) is semiregular iff 

(V, q, I) (g> (M, b,J) = (V®M,q®b,I®J) is semiregular. 

PROPOSITION 2.4 Let V and V' be vector bundles of the same rank on the scheme X, (L,h,J) a 
twisted discriminant line bundle on X and a : V = V ® L an isomorphism of bundles. 

(1) Over any open subset U ► X , given a bilinear form b' G V (U, Biljy/^j) , we can define a bilinear 
form b G F (U, BiLy jjg j-i)) using a and h as follows: we let b := (b' ® J -1 ) o (C( a ,h)) -1 where 
C(a,h) ■ V ® V' ® J -1 — V ® V is the linear isomorphism given by the composition of the following 
natural morphisms: 

, r . Tr . T _i a®a®Id(^) T i SWAP(2,3) (=) T T T . r9 T _i Id®ftiglld feO 

Idg>hlg>Id fe) T . T T i CANON ( = ) Tr Tr 

Then the association b' b induces linear isomorphisms shown by vertical upward arrows in the 
following diagram of associated locally-free sheaves (with exact rows) making it commutative: 

> Alt^y^j.-!) ► Bilfy ^j-ij > Quad (VX0i7 _ij > 



► Alt( V / jZ j > Bil (V ',i) ► Quad (v , j2r) > 0. 

Therefore one also has the following commutative diagram of vector bundle morphisms with the 
vertical upward arrows being isomorphisms: 

A H.2 closed locally 

Alt (v,/®.j-i) ~ : * ^"(v.iw- 1 ) ^ uaa (v./®j- 1 ) 
immersion trivial 



. closed locally 

Alt/ V ; n > Bil {v / j) > Quad (v , n 

immersion trivial 



(2) Let b' G r (A, Bil(^/j)) 6e a global bilinear form and let it induce b G T (A, BiLy J8 j-i)) «a a and 
h as defined in (1 ) above. Let \fv G Aut 0x (TV" ® L[J]) (resp. G Aut 0x (TV (g> L[J ® J -1 ]) ,) 
6e t/ie Z-graded linear isomorphism induced by b' (resp. by b) defined locally (and hence globally) 
as in (2), TheoremXZl\ above. Let Z (ct:h) : ®„>o(T'o n x (V) <8 /"") S ©„>o(T|™ (V) ® I~ n ® J n ) 6e 
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the Ox -algebra isomorphism induced via the isomorphism C(aM defined in (1) above. Then, taking 
into account (2e), Theorem \2.1\ the following diagram commutes: 

®n>o(Tir x (V')®r n ) -^—^ ©n>o(To™ (V) ® I~" (8 J n ) 

©n>o(ic%(V')®-r~") — e„> (TS(v)®r"®j") 

Z {<*,h) 

thereby inducing by (2d), Theorem \2. 1\ the following commutative diagram of Ox -linear isomor- 
phisms 

via z,„ M 

C (V',q b ,,I) ^— ^ C (V,q b ,I® J' 1 ) 

®n> (^O x (V')®I- n ) ► ffin>l)(Ao" x (V) ® I~™ ® J") 

via z (cv>fc) 

(3) iet 6 ana! 6' 6e as in (2) above. Then a : V' = V ® L induces an isometry of bilinear form bundles 
a : (V',b',I) = (V,b,I Cg> J -1 ) ® (L,h,J) and also an isometry of the induced quadratic bundles 
a : (V' , qt> , I) — (V, qb, I J -1 ) ® (L, h, J). Moreover, if we are just given a global I ® J -1 -valued 
quadratic form q onV (resp. an I -valued q' on V ), then we may define the global I -valued quadratic 
form q' on V' (resp. I ® J^ 1 -valued q onV) via q' := (g® h) on (resp. via q := (g' oa -1 ) ® (h v )~ 1 ) ) 
and again a : (V , g', /) = (V, g, / ® J -1 ) ® (L, h, J) becomes an isometry of quadratic bundles. 

PROPOSITION 2.5 Let g : (V, q, I) (V , q' , I) be an I -similarity with multiplier I G T(X, O x ). 

(1) There exists a unique isomorphism of Ox -algebra bundles Co(g,l,I) : Co(V,q,I) = Co(V ,g' , 7) such 
that Co(g, I, I)(v.v' . s) = g(v). g(v').l~ 1 s on sections v,v' of V and s of I -1 . 

(2) There exists a unique vector bundle isomorphism Ci(g,l,I) : Ci(V,q,I) = Ci(V' , q' , I) such that 

(a) Ci(g,l,I)(v.c) = g(v).Co(g,l,I)(c) and 

(b) C 1 (g,l,I)(c.v) = C (g,l,I)(c).g(v) 

for any section vofV and any section c ofCo(V,q). Thus Ci(g,l,I) is Co(g,l, I)-semilinear. 

(3) If gi : (V',q',I)=i 1 (V",q",I) is another similarity with multiplier l\ , then the composition g 1 o g ■ 

(V,q, I)=u ± (V",q",I) is also a similarity with multiplier given by the product of the multipliers. 
Further d(gi o g, lh,I) = Ci{gi,h,I) o d(g,l,I) for i = 0, 1. 

A local computation shows that tensoring by a twisted discriminant bundle amounts to (locally) applying 
a similarity. In this case also one gets a global isomorphism of even Clifford algebras: 

PROPOSITION 2.6 Let (V,q,I) be a quadratic bundle on a scheme X and (L,h,J) be a twisted 
discriminant bundle. There exists a unique isomorphism of algebra bundles 

l(L,h,j) : Co ((V, q, I) ® (L, h, J)) S C (V, q, I) 

given by j(L,h,J) i( v ® ^)-( v ' ® ^')-( s ® *)) = t(,h{X ® X'))v.v' .s for any sections v, v' of V , A, A' of L, s 
ofl' 1 =I v 'andt of J' 1 = J v . 

3 Proof of Injectivity: Theorems 11.41 &; 11.51 

Proof of Prop lOfl Start with an isomorphism of algebra-bundles 4> : Co(V,q,I) = Co(V' , q' , I'). 
Let {Ui} iex be an affine open covering of X (which may also be chosen so as to trivialise some or any of 
the involved bundles if needed). Choose bilinear forms bi £ T(Ui, Bil(v,/)) and b\ £ T(Ui, Bil^',/')) such 
that q\Ui = gb i and q'\Ui = q b { for each i £ I. By (2d), Theorem 12.11 we have isomorphisms of vector 
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bundles ipb i and t/v , which preserve 1 by (2a) of the same Theorem, and we define the isomorphism of 
vector bundles (j>A< lv so as to make the following diagram commute: 



C (V,q,I)\Ui C (V',q',I')\Ui 



The linear isomorphism 0a?" preserves 1 and therefore it induces a linear isomorphism from (A 2 (V) ® 
I~ 1 )\Ui to (A 2 (V') ® (/') 1 )\Ui, which we denote by (4>A 2 )i- Observe that (0a 2 ); i s independent of the 
choice of the bilinear forms bi and b[. For, replacing these respectively by 6; and b\, it follows from 
(2f), Theorem 12.11 that ip bi o [ipg ) _1 (resp. tyy, o (V>r>) -1 ) followed by the canonical projection onto 

(A 2 (V)®7 _1 )|[/i (resp. onto (A 2 (y')®(I')~ x )\{J C) i s t ne sam e as the projection itself. By this observation, 
it is also clear that the isomorphisms {(4>A 2 )i} ieI a g ree on ( anv open affine subscheme of, and hence 
on all of) any intersection Ui n Uj. Therefore they glue to give a global isomorphism of vector bundles 
4> K 2 : A 2 {V) ® I' 1 A 2 {V) <g> (J')" 1 . Q.E.D, PropIT31 



Reduction of Proof of Injectivity of Theorem 11.11 to Theorem 11.41 We start with an 
isomorphism of algebra-bundles <f> : Co(V,q,I) = Co(V , q , I'), construct the isomorphism of vector 
bundles (f> A 2 : A 2 (V) ® — A 2 (V') ® (/') _1 an ^ keep the notations introduced in the proof of Prop |1.3l 
Firstly we deduce a linear isomorphism det((0 A 2) v ) _1 : det((A 2 (V) ® / _1 ) V ) = det((A 2 (l/') ® (J'rV)- 
Since V and V' are of rank 3, there are canonical isomorphisms r\ : A 2 (V) = V v (8>det(V) and rj : A 2 (V') = 
(V') v ®det(V")- It follows therefore that if we set L := det(V')®(det(V)) _1 and J := J'®/" 1 then we get 
a twisted discriminant line bundle (L® J , h, J) and a vector bundle isomorphism a : V = V® (L® J -1 ). 

Now for each i £ 1, the bilinear form bi € T(Ui, Bil^jj) induces, via a \Ui and (LJ" 1 , h, J)\U t and 
(1), Prop |2.4l a bilinear form 6" € T(Ui, BiW/jn). By (3) of the same Proposition, over each Ui we get 
an isometry of bilinear form bundles a \Ui : (V'\Ui, 6", IJ\Ui) = (V\Ui,bi, I\Ui) ® (LJ -1 , h, J)\Ui and also 
an isometry of quadratic bundles a\Ui : (V'\Ui, q b i/, IJ\Ui) = (VlU^q^ = q\Ui,I\Ui) Cg> (LJ _1 , h, J)\Ui. 

On the other hand, by an assertion in (3), Prop |2.4l we could also define the global quadratic bundle 
(V',q",IJ) using (V,q,I), a and (LJ~ ,h,J), so that we have an isometry of quadratic bundles a : 
(V',q",IJ) = (V,q,I) ® (LJ~ X ,h, J). It follows therefore that the q b n glue to give q" . Notice that in 
general the b" (resp. the bi) need not glue to give a global bilinear form b" (resp. 6) such that q b u — q" 
(resp. q b = q). By (1), Prop 12.51 there exists a unique isomorphism of algebra bundles 

C (a, 1, I J) : C {V, q", I J) Si Co ((V, q, I) ® (LJ~\h, J)) 

and by Prop 12.61 we have a unique isomorphism of algebra bundles 

liLJ-\h,j) :C ((V,q,I)®(LJ-\h,J)) <*C {V,q,I). 

Therefore the composition of the following sequence of isomorphisms of algebra bundles on X 

C (V',q",I>) U8 ' n ^- /J C (V',q",IJ) O'^MPW Co ((V,q,I) ® (LJ"\ ft, J)) (9 ° 
^"^^ C (V,q,I)m Co (V',q',I') 

is an element of lso[Co(V , q" , I'), Cq(V , q' , /')], which, granting Theorem ll.4l is induced by a similarity 
in (g,l) e Sim[(V',q",I'),(V',q',I')]. Hence we would have 

g : (V',q",l') = (V, <?',/') ® (Ox, mult.by r\Ox) 

where I € Y(X,O x ). This combined with the fact that (V, q, I) and (V',q",l') = (V',q",IJ) are iso- 
morphic upto the twisted discriminant bundle (LJ _1 , h, J) by the construction above would imply that 
(V, q, I) and (V' , q' , I') also differ by a twisted discriminant bundle. Therefore the proof of the injectivity 
asserted in Theorem ll.ll reduces to the proof of Theorem ll.4l 
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Reduction of Theorem II .41 to the Case when I is free: For a similarity g with multiplier I, 
we have Co(g, I, 7) given by (1), Prop 12.51 so that we may define the map 

Sim[(V, q, I), (V, q', I)] — » Jso[C (V, q, I), C (V, q' , I)] : g -» C (g, I, I). 

The equality det(Co(<?, Z, 7)) = det ((Co(g, Z, I))a 2 ) ~ ' _3 det 2 (<?) was shown to hold (locally, hence 
globally) (1), Lemma 3.11, [J.. Thus Iso[(V, q, I), (V, q', I)] and S-Iso[(V, q, I), [V, q', I)] are respectively 
mapped into Iso'[Co(V, q, I), Co(V, q' , I)] and S-Iso[Co(V, q, I), Co(V, q' , I)] as claimed. We start with an 
isomorphism of algebra-bundles <f> : Co(V,q,I) = C'o{V,q',I), which by Prop |1.3l leads to the auto- 
morphism of vector bundles (f> A 2 G Aut(A 2 (V) (g J -1 ). Firstly, define the global bundle automorphism 
g G GL (V ® (det(V)) -1 ® 7) so that the following diagram commutes: 

(A 2 (^)) v ®/ "^f" 1 . (A 2 (V)) V ®7 
V ® (det(y)y 1 ® I — — ■> V g) (det(V r ))~ 1 ® / 

9' 

where 77 : A 2 (V) = 1/ v ® det(V) is the canonical isomorphism (since V is of rank 3). Now let g G 
GL(V) GL(V g) (det(V))" 1 ® 7) be the image of g' i.e., the image of g ® det(V) ® 7 1 under the 
canonical identification GL(V ® (det(V))" 1 ® 7 ® det(V) ® 7" 1 ) = GL(V). Next, let 2 G r(X, Ox) be a 
global section such that -y{l) := (Z 3 ).det(0 A 2) has a square root in F(X, 0* x ). For example, we have the 
following special cases when this is true: 

Case 1. If det(0 A 2) is itself a square, set Z := 1. If further det(^ A 2) = 1, set V7(Z) = 1, otherwise let 
v/"y(Z) denote any fixed square root of det(0 A 2). 

Case 2. If det(<^ A 2) is not a square, given an integer k, take Z = (det(</> A 2)) 2fc+1 and let -\/"f(l) denote 
any fixed square root of (det(^ A 2 )) 6fc+4 . 

For each integer k, we now associate to 4> the element gf := (Z _1 v/ 7(Z) )<? with g as defined above. Suppose 
we show the following locally for the Zariski toplogy on X (more precisely, for each open subscheme of 
X over which V and 7 are free): 

(1) that gf is an 7-similarity from (V, q,I) to (V, q',I) with multiplier Z; 

(2) that gf induces <j> i.e., with the notations of (1), Prop 12.51 that Co(gf, I, 7) = 0; 

(3) that det(ff, ) = yj so that det 2 (gf) = det(0 A 2) when det(0 A 2) is itself a square and 

(4) that the map S-Iso[(V, q, I), (V, q' , I)} — ► S-Iso[C (V, q, I), C (V, q' , I)] is injective. 

It would follow then that these statements are also true globally. The maps S2fc+i : 4> >— > gf with Z 
as in Case 2 and s' : <j> i— » with Z as in Case 1 will then give the sections to the maps (which 
would imply their surjectivities) as mentioned in Theorem 11.41 But these maps are not necessarily 
multiplicative since a computation reveals that if <j>i G Iso[Co(V, qi, I),Co(V, qi+i, I)] is associated to 
gf; G Sim[(V,q i ,I),(V,q i+1 ,I)], and 2 o 0i to then = 5< 3 ° ^ for 5 G ^(T(X,O x )) 

because of the ambiguity in the initial global choices of square roots for y(h) and ^(hi)- However this 
can be remedied as follows. For any given <f> G lso[Co(V, q, I),Co(V,q' , I)], irrespective of whether or not 
det(0 A 2) is a square, take 

Z = (det(^ A 2)) 2fe+1 , 7 (0 = * 3 det(4> A 2), VtG) := (det(^> A 2 )) 3fc+2 and s+ k+1 (<fi) := gf = (l^V^) 9- 

Then it is clear that each sj fc+1 is multiplicative with the properties as claimed in the statement. We thus 
reduce the proof of Theorem 1 1.41 to the case when the rank 3 vector bundle V and the line bundle 7 are 
free. More generally, even for the case V not necessarily free but 7 = Ox, this was treated in Theorem 
1.3 of PP. Q.E.D., Theorem 1TT11&: injectivity of Theorem 1TTT1 



11 



Proof of Theorem 11.51 (The case I — Ox was treated in Theorem 1.4 of [I]). Taking q' = q in 
Theorem 11.41 gives the commutative diagram of groups and homomorphisms as asserted in the statement 
of the theorem. We continue with the notations above. For g G GO(V, q, I) with multiplier I, that the 
equality dei(Co(g,l, I)) = det ((Co(g, I, I))a 2 ) = ' _3 det 2 (p) holds (locally, hence globally) was shown in 
(1), Lemma 3.11, |TJ. Assertion (2) of the same Lemma shows the following (locally, and hence globally): 
if Co{g,l,I) is the identity on Co(V,q, I), then g = l~ 1 det(g).ldv, and further if g G 0(V,q,I) then 
g — det(g).ldv with det 2 (p) = 1. This gives exactness at GO(V, q, I) and at 0(V,q,I). 

We proceed to prove assertion (b). Let <j> 6 Aut(Co(V, q, I)), and consider the self-similarity sj fc+1 ((/)) = 
gf with multiplier I = det((f>) 2k+1 . For the moment, assume that V and / are trivial over X. Fix a global 
basis {ei,e2,ea} for V and set e[ = gf(ei). It follows from Kneser's definition of the half-discriminant 
do — see formula (3.1.4), Chap. IV, [Sj — that do(q, {e^}) = do(q, {e'i}) det 2 (gf). Since we have gf .q = l~ 1 q, 
a simple computation shows that do(q, {e'i}) = l 3 do(q, {e;}). The hypothesis that q® k(x) is semiregular 
means that the image of the element do(q, {e;}) G T(X, Ox) in k(x) is nonzero. Since X is integral, we 
therefore deduce that det 2 (gf ) = l~ 3 . On the other hand, we know that det 2 (pf )l~ 3 = det(^). It follows 
that det 12fc+7 (0) = lVfc a Z, which forces det(<?!>) = 1. In general, even if V and I are not necessarily 
trivial, since this equality holds over a covering of X which trivialises both V and /, it also holds over 
all of X. Q.E.D., Theorem HT5l 

4 Proof of Surjectivity: Theorems 11.61 & 11.71 

Proof of Theorem 11.71 We adopt the notations introduced just before Theorem 11.71 Let T be 

an A-scheme. Given a bilinear form b G Bil(v;n(T) = r(T, Bil(v T j T )), consider the linear isomorphism 
ipb ■ C {V T ,qb,lT) = Ot ® A 2 (V T ) ® {It)' 1 = W T of (2d), Theorem O Let A b denote the algebra 
bundle structure on Wt with unit wt = 1 induced via ipb from the even Clifford algebra Co(Vr, (ft, It)- 
By definition, Ab G Id-w-Assoc^ (T) and we get a map of T- valued points 

T'(T) : Bil (v -j)(T) — > Id-w- Assoc W (T) :b^A b . 

This is functorial in T because of (3), Theorem 12. II and hence defines an X-morphism T' : Bil(v./) — > 
Id-™- Assoc w The morphism T' is GL^-equivariant due to (2j), Theorem 12. II Notice that the schemes 
Bil(v,/)> Bilfy- n and Id-iii-Assocw are well-behaved relative to X with respect to base-change. In fact, so 
are Id-w-Azu^ and Id-w-Sp-Azu^, as may be recalled from Theorems 3.4 and 3.8, Part A, In view 
of these observations, by taking a trivialisation for / over X, we may reduce to the case when / is trivial. 
But this case was treated in Theorem 1.9 of [TJ. Q.E.D., Theorem 11.71 

Proofs of assertions in (a), Theorem ll.Bl and Surjectivity part of Theorem ll.Xl Let W 

be the rank 4 vector bundle underlying the specialised algebra A and w G T(X, W) be the global section 
corresponding to 1a- We choose an affine open covering {Ui} iex of X such that W\Ui is trivial and w\Ui 
is part of a global basis Vi. Therefore on the one hand, for each i G X, we can find a linear isomorphism 
(i : A even (O x 3 \Ui) £ W\Ui taking l A e„e„ onto w\Ui- The (w\Ui)-umtal algebra structure A\U % induces 
via Qi an algebra structure Ai on \ even (C)® 3 ^;) (so that Q becomes an algebra isomorphism). Recall 
that Ai is also a specialised algebra structure by Theorem 3.8, Part A, Hence by Theorem II . 71 applied 
to X = Ui, V = C9® 3 and I = Ui , we can also find an Oy i -valued quadratic form qi on O x 3 \Ui 
induced from a bilinear form bi so that the algebra structure Ai is precisely the one induced by the 
linear isomorphism tp bi : Co (O x 3 \U i ,q l ) S A even (0® 3 \U t ) given by (2d) of Theorem EHl For each pair 
of indices (i,j) G I x T, let and (j>ij be defined so that the following diagram commutes: 

C o (0f 3 |t%, 9i |t/ if ) A«(0| 8 [Dy) 

Co (Of | t/y,<&|!7y) A e "(0® 3 |[/^) — ^— 4|C/^ 

The above diagram means that the algebras Ai glue along Uij := UiDUj via to give (an algebra bundle 
isomorphic to) ^4, and in the same vein, the even Clifford algebras Co(O x 3 \Ui, qi) glue along the Uij via cj>ij 
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to give A as well. Now consider the similarity gf* j = sti((j>ij) ■ (O% 3 \U l0 ,q l \U ij ) = h] (0% 3 \Uij ,q J \U l] ) 
with multiplier iy := det(0ij) _1 given by (c), Theorem 11.41 Since s~^ 1 is multiplicative, and since <pij 
satisfy the cocycle condition, it follows that s^ 1 ((f>ij) also satisfy the cocycle condition and therefore glue 
the 0® 3 \Ui along the Uij to give a rank 3 vector bundle V on X. While the qt do not glue to give an 
Ox-valued quadratic form on V, the facts that the multipliers {kj} form a cocycle for I := det _1 (A) and 
that sf^ is a section together imply, taking into account the uniqueness in (1), Prop 12.51 that actually 
the qi glue to give an /-valued quadratic form q on V and that Co(V,q, I) = A. It was verified in page 
28, that ((/>ij) A 2 ~ det(0ij).A 2 ((;^ IJ ). This immediately implies part (1) of assertion (a) of Theorem 
11.61 from which parts (2) — (4) can be deduced using the standard properties of the determinant and the 
perfect pairings between suitable exterior powers of a bundle. 

Proofs of assertions in (b), Theorem ll.61 We first prove (bl). Let A be a given specialisation, 
and let A = Co(V, q, I) as in part (a) of Theorem 11.61 with / = det~ 1 (A). By the injectivity part of 
Theorem 11.11 we have Co{V,q,I) = A = Co(V, q , Ox) iff there exists a twisted discriminant bundle 
(L, h, J) and an isomorphism (V, q, I) = (V , q' , Ox) ® (L, h, J). The latter implies that / = J L 2 and 
hence det(yl) £ 2.Pic(X). On the other hand, if this last condition holds, we could take for L a square 
root of J := 7 _1 , alongwith an isomorphism h : L 2 = J and we would have by Prop 12.61 an algebra 
isomorphism J^, h ,J) ■ C (V ® L,q ® h,O x ) = Co ((V,q,I) <8> (L,h,J)) S C (V,q,I) ^ A. 

For the proof of (b2), suppose that the line subbundle OxAa c — > A is a direct summand of A. We may 
choose a splitting A = OxAa © (A/Ox Aa)- Using assertion (1) of (a), Theorem 11.61 we see that there 
exists a rank 3 vector bundle V on X such that A = O x A A (A/Ox-Ia) = O x A A @ (A 2 (V) <g> r 1 ) = 
Ox A © A 2 (V) Cg> I -1 =■ W where I := det _1 (A) and the last isomorphism is chosen so as to map OxAa 
isomorphically onto Ox A. Therefore if (W, w) := (Ox .l©A 2 (V / )(g)7 _1 , 1), then by the above identification 
A induces an element of Id-w-Sp-Azu w (X), and since T : Bil^j) = Id-w-Sp-Azu w is an X- isomorphism 
by (1), Theorem 1 1.71 it follows that there exists an /-valued global quadratic form q — qt induced from an 
/-valued global bilinear form 6 on V such that the algebra structure T(b) = A. (We recall that T(b) is the 
algebra structure induced from the linear isomorphism tpb '■ Co(V, q = qt, I) — Ox A © A 2 (V) ® / _1 = W 
of (2d), Theorem |2~T1 which preserves 1 by (2a) of the same Theorem). The proof of (b3) follows from 
a combination of those of (bl) and (b2). Q.E.D., Theorem 11.61 and surjectivity part of Theorem 
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